We investigate the properties of thermal abelian magnetic monopoles in the high temperature phase of Yang-Mills theories, following a recent proposal for their identification on lattice configurations. The study is done for SU(2) pure gauge theory, for temperatures going up to about 10 times the deconfining temperature and using the Maximal Abelian gauge to perform the abelian projection. We find that the monopole density has a well defined continuum limit. Its temperature dependence disagrees with a free particle gas prediction and is instead well described by a T 3 /(log(T /Λ)) α behaviour in all the explored range, with α ∼ 2 and Λ ∼ 100 MeV. Also the study of spatial correlations of thermal monopoles shows the presence of non-trivial interactions among them. Finally, we discuss the gauge dependence of our results, showing that it is significant and that, even within the Maximal Abelian gauge, Gribov copy effects are important.
I. INTRODUCTION
Abelian magnetic monopoles are topological defects which may be relevant for many non-perturbative features of QCD. They enter for instance in the mechanism for color confinement based on dual superconductivity of the vacuum [1] [2] [3] , which relates confinement to the spontaneous breaking of a magnetic symmetry induced by monopole condensation: the magnetic condensate disappears at the deconfining phase transition, as lattice simulations have shown extensively [4] [5] [6] [7] [8] [9] .
Magnetically charged particles have also been proposed to be an important component of deconfined matter above the phase transition [10] [11] [12] [13] [14] , possibly contributing to the physical properties of the strongly interacting Quark-Gluon Plasma. In Ref. [13] the magnetic component of the deconfined plasma has been directly related to thermal abelian monopoles evaporating from the magnetic condensate which is present at low temperatures; moreover it has been proposed to detect such thermal monopoles in finite temperature lattice QCD simulations by identifying them with monopole currents having a non-trivial wrapping in the Euclidean temporal direction [13, 15, 16] . First numerical investigations of these wrapping trajectories were performed in Ref. [15] and [16] .
The purpose of this paper is to work on this last proposal and perform a detailed study of the properties of thermal abelian monopoles. We will verify if the density of such thermal objects is a well defined physical quantity, i.e. independent of the lattice UV cut-off in the continuum limit, determine its temperature dependence, compare it with phenomenological models and study the spatial distribution of the wrapping trajectories. To that aim we have performed extensive numerical simulations of pure SU(2) lattice gauge theory in the deconfined region, in a range of temperatures going up to ∼ 10 T c .
Abelian monopole currents are exposed on the lattice by the usual De Grand -Toussaint procedure [17] . That is done on abelian projected configurations, meaning that the so exposed monopole currents are gauge dependent quantities. The usual attitude in the literature is to define and study monopole currents in the gauge which maximizes the abelian component of Yang-Mills fields, the so-called Maximal Abelian gauge (MAG), the rationale being that in this way abelian projected fields reproduce most of the original Yang-Mills dynamics (Abelian Dominance). We have followed that recipe in our study. However we believe that the problem of gauge dependence is particularly important, especially if one wants to associate the so detected thermal abelian monopoles with real thermal objects influencing the physical properties of the Quark-Gluon Plasma: for that reason part of our investigation has been dedicated to this issue.
The paper is organized as follows. In Section II we illustrate our numerical simulations and present results about the density and the spatial correlation of wrapping monopole trajectories. In Section III we investigate the gauge dependence of our results. Finally, in Section IV, we draw our conclusions.
II. NUMERICAL SIMULATIONS AND RESULTS
We have performed numerical simulations of SU(2) pure gauge theory, using the standard plaquette action and various lattice sizes L 3 s × L t at different values of the inverse gauge coupling β = 2N c /g 2 . The physical scale has been determined according to a(β)Λ L = R(β)λ(β), where R is the two-loop perturbative β-function,n while λ is a non-perturbative correction factor computed and reported in Ref. [18] . Finally, the values T c /Λ L = 21.45 (14) and T c / √ σ = 0.69(2) have been assumed respectively from Ref. [18] and [19] , where T c is the deconfining critical temperature. Abelian monopole currents are identified by the De Grand-Toussaint construction [17] after abelian projection, the last procedure requiring gauge fixing. Following the attitude adopted by previous literature, we have worked in the Maximal Abelian gauge (MAG), defined by maximizing the following functional with respect to gauge transformations:
which is proportional to the average squared diagonal part of the gauge links. It can be shown that on stationary points of the MAG functional the local operator
is diagonal. The maximization of the MAG functional on a given configuration has been achieved by an iterative combination of local maximization and overrelaxation (see Ref. [20] ), stopping the algorithm when the average squared modulus of the non-diagonal part of X(x) was less than a given parameter ω [20] . We have chosen ω = 10 −8 (see Section III for a discussion about the dependence on ω).
After taking the diagonal part of gauge links on the gauge fixed configuration (abelian projection), monopole currents are defined as [17] :
where θ ρσ is the compactified part of the abelian plaquette phase
and n µν ∈ N.
Monopole currents form closed loops, since∂ µ m µ = 0. These loops may be either topologically trivial or wrapped around the lattice. Following the proposal in Refs. [13, 15, 16] , among different currents we select those having a non-trivial wrapping around the euclidean temporal direction, identifying them with thermal monopoles. This procedure identifies at any given timeslice the number and the spatial positions of the wrapping trajectories. The thermal monopole density is then defined as [13, 15, 16] 
where N wrap (m 0 ( x, t)) is the temporal winding number of the monopole current m 0 at site ( x, t), while V s = (L s a) 3 is the spatial volume.
A. Monopole density
We have performed an extensive study of the thermal monopole density defined in Eq. (2.5), in a range of temperature going from ∼ 1.3 T c to about 10 T c . In particular, in order to study the dependence both on the temperature and on the UV cutoff, we have done 4 different sets of simulations with parameters (L s , β) = (24, 2.5115), (32, 2.6), (40, 2.7) and (48, 2.75), corresponding to different lattice spacings but approximately equal spatial sizes L s a(β) ∼ 2 fm. For each set we have performed simulations with different values of L t (ranging from 4 to L s /4), corresponding to different temperatures T = 1/(L t a). A further set of simulations has been done on a 48 3 × 4 lattice and inverse gauge couplings up to β = 3.10, in order to extend the range of temperatures explored. Accumulated statistics range from about 500 decorrelated configurations for the largest lattices L s = 48 to about 5 · 10 3 for the smallest lattices L s = 24. All results are reported in Table I , both in adimensional and in physical units.
We have carefully verified the absence of finite volume effects. We show two examples in Fig. 1 , where the dependence of ρa 3 on the spatial size is plotted as a function of L s for two different combinations of β and L t : in both cases the value of L s used to extract our data is well within an extended plateau region. A similar check has been performed for the dependence on the gauge fixing stopping parameter ω: a detailed discussion about gauge dependence is reported in Section III. We have also checked the absence, in the whole temperature range explored, of trajectories wrapping in a spatial instead than in the temporal direction.
Let us now discuss the dependence of our results on the UV cut-off. We report in Fig among data obtained at different UV cut-off is reasonable, indicating that the density of wrapping monopole trajectories has a well defined continuum limit.
Next we turn to the temperature dependence of ρ. The thermal distribution for a gas of free ultrarelativistic (massless) scalar particles predicts a density:
The behaviour ρ(T ) ∝ T 3 is expected anyway in the T → ∞ limit if the monopoles can be considered as asymptotically free in that regime. We report in Fig. 3 the adimensional ratio ρ/T 3 = ρ(aL t ) 3 versus T /T c , for the data on our biggest spatial size (L s = 48) and β ≥ 2.75; notice that ρ/T 3 is not influenced by the systematic error related to the determination of the physical scale, which only affects T /T c , hence the horizontal scale of Fig. 3 . It is apparent from the figure that the behaviour ρ ∝ T 3 is not verified in all the explored range, i.e. for temperatures up to T ∼ 10 T c . It can be easily realized that the deviation from the simple cubic behaviour cannot be simply explained by the presence of a finite monopole mass m M , i.e. by correcting | p| → | p| 2 + m 2 M in the expression of the free particle energy in Eq. (2.6): indeed ρ/T 3 would be an increasing function of T in that case, in clear contrast with the behaviour visible in Fig. 3 .
We conclude that the description of thermal monopoles as a gas of free particles is not appropriate, and interactions must be taken into account also at very high temperatures. That is in agreement with the scenario of an electric dominated phase for Yang-Mills theories at very high temperatures, in which the magnetic component is strongly interacting [11] . Predictions have been made for the density of magnetic objects [21] , based on perturbative and dimensional reduction considerations, leading to a behaviour like g 6 T 3 , hence a reduction factor with respect to the free massless particle case of the order of 1/(log(T /Λ)) 3 ; similar predictions have been reported in Ref. [11] .
Based on that, we have tried to correct the cubic behaviour as follows:
and we have verified that this simple correction describes very well our data in all the explored range. In particular, a fit including data with T > 2 T c leads to A = 0.48(4), T c /Λ ef f = 2.48(3) and α = 1.89(6), with χ 2 /d.o.f. = 10.6/12. Results do not change much if the range of fitted points is changed, with α always compatible or marginally compatible with 2 and χWe conclude that the simple ansatz in Eq. (2.7) perfectly describes our data, with α ∼ 2, for all temperatures ranging from T ∼ 2 T c up to T ∼ 10 T c and with Λ ef f of the order of Λ QCD . In order to better appreciate that, we have plotted in Fig. 4 the quantity (ρ/T 3 )
versus log(T /T c ): the dependence is manifestly linear, as Eq. (2.7) predicts in the case α = 2.
B. Monopole interactions
In order to further investigate the interactions existing among wrapped monopole trajectories, we have studied their distribution at a fixed time slice, so as to obtain information about the spatial correlation of thermal monopoles. In particular we have determined the density-density correlation function g(r) ≡ ̺(0)̺(r) /̺ 2 , which can also be measured (for r = 0) as the ratio between the probability of having a particle at a distance r from a given reference particle and the same probability in a completely homogeneous system, in practice
where dN(r) is the number of particles in a spherical shell of thickness dr at distance r from the reference particle and by ̺ we mean the average density of such particles (monopoles or antimonopoles). A value g(r) < 1 (g(r) > 1) indicates that at distance r we have less (more) particles than expected in a non-interacting medium, i.e. there is a repulsive (attractive) interaction. In our numerical study we have used, in place of 4πr 2 dr, the actual number of lattice sites contained in the shell, in order to take into account part of the discretization effects.
We have measured g(r) for both the monopole-monopole and the monopole-antimonopole case in some of our simulations. In Fig. 5 we show the results obtained at β = 2.7 on a lattice with L s = 40 and L t = 5 (T ≃ 2.85 T c ) on a set of 300 decorrelated configurations. g(r) is clearly depleted at short distances in the monopole-monopole case, indicating a repulsive interaction. On the contrary g(r) is enhanced at short distance in the monopoleantimonopole case, indicating an attractive interaction. Actually in this last case (monopoleantimonopole) g(r) has a peak at distances of about 0.2 fm (4 lattice spacings) and then goes down again, reaching values < 1: that could either be related to finite lattice spacing effects or have a physical meaning. This is an important issue that must be clarified, therefore we have decided to repeat the measurements on a lattice with L s = 64 and L t = 8 at β = 2.86: we have a(β = 2.86)/a(β = 2.7) ≃ 5/8 within a good precision, hence the new measurements correspond to equal physical volume and temperature but different UV cutoff. Also in this case we have collected a set of 300 decorrelated configurations. Results are reported again in Fig. 5 , the distance r is reported in physical units so that comparison is straightforward. A nice scaling to the continuum limit can be appreciated, apart from results obtained at a distance of ∼ 1 lattice spacing. In particular we can confirm that the peak observed in the monopole-antimonopole correlation at ∼ 0.2 fm is not a lattice artifact but the signal of more structured interaction patterns.
In Fig. 6 we illustrate some results regarding the temperature dependence of monopole interactions. The function g(r) shows appreciable changes as T is varied, even if not dramatic from a qualitative point of view. In particular the peak in the monopole-antimonopole correlation function moves to larger distances as T is lowered.
In the large distance region, where g(r) ≃ 1, one can try to extract direct information about the interaction potential V (r) based on the ansatz (and assuming V (∞) = 0):
We have tried this strategy, finding that V (r) can be described reasonably well by a Yukawa potential (two sample fits are reported in Fig. 5 )
with a plasma screening length λ P of the order of 0.1 fm.
III. GAUGE DEPENDENCE
We now discuss the issue of gauge dependence. The fact that monopole currents identified by abelian projection are gauge dependent is well known: much likely that applies also to monopole currents wrapping in the temporal direction. A way to detect this phenomenon is to study the dependence of the measured thermal monopole density ρ on the gauge fixing stopping parameter ω: larger values of ω correspond to a looser gauge fixing. An example of such study is reported in Fig. 7 , corresponding to L s = 32, L t = 4 and β = 2.6. When the gauge is poorly fixed the monopole density is larger: a possible interpretation could be that much more ultraviolet noise contributes to the monopole currents in this case, whose effect is that of mimicking in some case the presence of additional wrapping trajectories. However the density is well stable for ω < 10 −7 . In all the simulations discussed above we have taken ω = 10 −8 , if a looser criterion is chosen then the continuum scaling of the monopole density, which is approximately verified on our data shown in Fig. 2 , is lost. To show an example of that, we have reported in Table I two values of the density ρ, signalled by a star in the last column, obtained with a stopping criterion ω = 10 −3 on two lattices with different UV cutoff but approximately equal physical temperatures: quite different value are obtained for ρ, contrary to what obtained by fixing the gauge more carefully.
What we have shown seems to indicate that thermal monopoles populating the QuarkGluon Plasma can be indeed identified in lattice simulations and that their density is a well defined physical quantity as soon as a careful gauge fixing is performed. However one may wonder how results change if a different gauge is chosen, in place of MAG, to perform the Abelian projection. The answer is that results change in a dramatic way: an extreme case is provided by Landau gauge, which on the lattice is defined by maximizing the following functional
Re tr U µ (x) .
(3.1)
We have repeated part of our measurements in Landau gauge, obtaining exactly zero wrapping monopole trajectories in all the explored cases. That may sound as a warning, nevertheless one could still suppose that the Maximal Abelian gauge has the virtue of correctly identifying the magnetic component of the Yang-Mills plasma in the form abelian magnetic monopoles. We have however a further warning. We have tried the following experiment, which is not new and has been performed previously in the literature, even if mostly in the context of center dominance studies [22] [23] [24] [25] . We have repeated part of our measurements, using again the Maximal Abelian gauge in order to define the abelian projection, but using a sample of configurations which had been previously fixed to Landau gauge. The result is that thermal abelian monopoles, which are completely absent in Landau gauge, do reappear when fixing again to MAG. However the average monopole density is appreciably lower and, what is worse, scaling to the continuum limit is lost. All that is apparent from Fig. 8 . What is more striking is that gauge configurations which are fixed to MAG after Landau gauge fixing (and which show no continuum scaling) reach on average higher values of the MAG functional as compared to original configurations (where instead scaling is observed), as shown for a few examples in Table II .
All that exposes quite clearly the problem of Gribov copies. While looking for the global maximum of the MAG functional in Eq. (2.1) along the gauge orbit of a given configuration, several local maxima are met where a gauge fixing algorithm like the one used by us may stop. All these local maxima have a different content of thermal abelian monopoles, but on average they furnish a monopole density that scales correctly in the continuum limit. If however one starts the same algorithm from points of the gauge orbit corresponding to local maxima of the Landau functional, one reaches local maxima of the MAG functional that, most of the times, are closest in value to the global maximum but have a quite different monopole content which, if continuum scaling is taken as a criterion, one would say to be wrong.
As we have emphasized above, very similar problems are met when studying center dominance in the maximal center gauge (MCG) [22] [23] [24] [25] and some possible interpretations have been discussed [24, 26] . One should also study how the problem is related to the choice of a particular starting point on the gauge orbit (belonging to Landau gauge in our case) and perform more extensive studies in which the global maximum of the MAG functional is searched for via better algorithms, like for instance simulated annealing [27] . Our opinion is that much has still to be clarified in this context and that the issue of gauge dependence is even more urgent in this case, if one wants to associate wrapping monopole trajectories with real thermal objects populating the Quark-Gluon Plasma.
IV. CONCLUSIONS
Magnetic monopoles may be an important component of the Quark-Gluon Plasma [10] [11] [12] [13] [14] . In the present work we have followed a recent proposal aimed at identifying the magnetic component of the high temperature phase of Yang-Mills theories with thermal abelian monopoles detected on lattice configurations in terms of monopole trajectories wrapping in the euclidean temporal direction [13, 15, 16] : our purpose has been that of investigating the temperature and UV cut-off dependence of the density of thermal monopoles and to study their interactions in the case of SU(2) pure gauge theory. Abelian monopole currents have been identified in the Maximal Abelian gauge, therefore part of our efforts have been dedicated to the issue of gauge dependence: we have shown that it is indeed significant and our physical results should be considered in that light.
We have determined the monopole density ρ in a wide range of temperatures, going from ∼ 1.3 T c to ∼ 10 T c , and for different values of the lattice spacing. We have verified a reasonable scaling of ρ to the continuum limit. Regarding the temperature dependence, our data show that ρ is not compatible with a (massive or massless) free particle behaviour in the whole range of temperatures explored. This is in agreement with the picture of an electric dominated phase for Yang-Mills theories at very high temperatures, in which the magnetic component is strongly interacting [11] . Inspired by that picture and by predictions based on perturbative computations and dimensional reduction [21] , we have tried to fit our data according to ρ ∝ T 3 /(log T /Λ ef f ) α , finding that a coefficient α = 2 and Λ ef f ∼ 100 MeV describe perfectly our data in all the explored temperature range. A coefficient α = 3 is not excluded for T > 5 T c .
By studying the distribution of wrapping monopole trajectories at a given timeslice, we have extracted information about density-density spatial correlation functions both in the monopole-monopole and in the monopole-antimonopole case. We have thus verified the presence of a repulsive (attractive) interaction at large distances, in agreement with a screened Coulomb potential and a screening length of the order of 0.1 fm. Repulsion is observed at short distances in both cases, with a peak in the monopole-antimonopole correlation function at a distance which we have verified to scale well to the continuum limit and which is about 0.15 fm at T ≃ 3.85 T c and goes up to ∼ 0.4 fm close to the critical temperature. More extensive future studies could better clarify the nature of the interaction, both in the high T region and closer to T c , where one could search for a possible interplay with the dynamics of the deconfinement transition. Of course the extension of our results to SU(3) pure gauge theory will be the natural continuation of our study.
Let us stress once again that all results apply to thermal abelian monopoles identified in a particular gauge. As we have shown in our study presented in Section III, results are strongly gauge dependent, an extreme case being Landau gauge, where thermal abelian monopoles completely dissappear. This dependence is well known and the Maximal Abelian gauge has been always considered as a special gauge in which abelian monopoles are better identified. Moreover, we have shown that Gribov copy effects may change results even within a given gauge, if particular points are chosen along the gauge orbit where the gauge fixing procedure is started. We have considered the example of the Maximal Abelian gauge fixed starting from local maxima of the Landau functional: higher maxima of the MAG functional are reached but the continuum scaling of the monopole density is lost. One should study how this problem is related to the particular starting point on the gauge orbit and perform more extensive studies, looking for the global maximum of the MAG functional via dedicated algorithms like simulated annealing [27] .
In conclusion, our opinion is that if one really wants to associate thermal abelian monopoles with (part of) the magnetic component of the Quark-Gluon Plasma, the issue of gauge dependence should be better clarified: more numerical and theoretical efforts have to be done in this respect. 1 . Spatial size dependence of the thermal monopole density for β = 3.0 and L t = 4 (filled circles) and for β = 2.5115 and L t = 6 (blank circles). In the last case data have been divided by a factor 1.5 to fit in the figure. The corresponding data reported in Table I have been obtained for L s = 24 and L s = 48 respectively, i.e. well within the two plateau regions. 
